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Kuratowski introduced the reduction property for a class of pointsets in 1936, and
established a suﬃcient condition for a class to possess this property. The reduction
property became a cornerstone of classical descriptive set theory. We show that Kuratowski’s
original argument is really a result in σ -frames. This provides a characterization of
strongly zero-dimensional completely regular frames. Even for spaces, this connection with
Kuratowski reduction has apparently not been acknowledged in the literature.
© 2011 Elsevier B.V. All rights reserved.
This mostly expository note shows how an argument of Kuratowski [10, p. 184], [11, p. 279 and p. 350] relates to
strongly zero-dimensional Tychonoff spaces and, more generally, completely regular frames. This topic started for me many
years ago when Melvin Henriksen told me about the origin of the following characterization of strongly zero-dimensional
spaces (which does not appear in the monograph [6]): every cozero set is a countable union of clopen sets. (See Remark 14
below for details.) As usual, this information was delivered in Mel’s typical fashion, namely wrapped in a not-so-short story
of human interest about the author in question. This is not the place to repeat the story, but to acknowledge Mel’s keen
interest in the people who do mathematics as well as the unadorned mathematics.
The argument of Kuratowski has been rediscovered in various equivalent versions several times over the years, but
apparently no one has recognized the connection with Kuratowski’s paper. Kuratowski says that a class R of subsets of
some set has the reduction property provided for any two sets A1, A2 ∈ R there exist disjoint sets B1, B2 ∈ R such that
Bi ⊂ Ai (i = 1,2) and A1 ∪ A2 = B1 ∪ B2. The reduction property has become a cornerstone of classical descriptive set
theory; see [1, Sec. 3], [12, p. 204], [8, p. 507], [9, pp. 170, 322], [14, pp. 120, 170]. In a complete separable metric space,
classes which have the reduction property include the class of Fσ sets, the Gδσ sets, the Fσδσ sets, etc., and the C A sets
(complements of analytic sets). All these classes are examples of σ -frames (deﬁned below).
We move the discussion to distributive lattices. For two elements a,b in a distributive lattice L with bottom 0, the
relative complement a − b (when it exists) is an element c (necessarily unique) with c ∧ b = 0 and c ∨ (a ∧ b) = a. We say
that a subset R ⊂ L is closed under relative complements if for every pair a,b ∈ R the relative complement a − b exists in L
and belongs to R . Recall that a σ -frame is a bounded distributive lattice L closed under countable joins and satisfying the
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∨
i∈N(a ∧ bi). For a subset R of a σ -frame L, Rσ denotes the set of
countable joins of elements from R .
Deﬁnition 1. In a distributive lattice L with bottom 0, a subset R is said to have the (ﬁnite) reduction property if for any
two elements a1,a2 ∈ R there exist elements b1,b2 ∈ R with b1 ∧ b2 = 0,bi  ai (i = 1,2), and a1 ∨ a2 = b1 ∨ b2. When
countable joins exist in L, we say that R has the countable reduction property if for every countable subset {an} ⊂ R there
exists a countable subset {bn} ⊂ R with bi ∧ b j = 0 (i = j), bn  an (n = 1,2,3, . . .) and ∨an =∨bn .
Here now is Kuratowski’s lemma [10, p. 184] expressed in the language of σ -frames.
Lemma 2. If L is a σ -frame and R ⊂ L is a subset closed under ﬁnite joins and relative complements, then Rσ has the countable
reduction property.
Proof. Suppose {an} ⊂ Rσ . For each n = 1,2, . . . , set an =∨m anm where anm ∈ R . Cast the anm into a sequence: {anm: m,n =
1,2, . . .} = {c j: j = 1,2, . . .}. Now set bnm = anm −∨{ci: i < j} where anm = c j , and set bn =∨m bnm. Clearly each bn ∈
Rσ , bn  an,
∨
an =∨bn , and the bnm are pairwise disjoint, so that bi ∧ b j = 0 (i = j) by virtue of σ -frame countable
distributivity. 
Remark 3. If the an ∈ Rσ satisfy ∨an = 1, then each “reducing element” bn ∈ Rσ is complemented in L, and b′n ∈ Rσ .
(Indeed, the complement b′n would then be the join of the bi , i = n.)
Corollary 4. Let B(L) denote the “Boolean part” of L (consisting of all the complemented elements of L). Then B(L)σ has the countable
reduction property. If a1, a2, . . . ∈ B(L)σ with∨an = 1, there exist pairwise disjoint complemented elements b1, b2, . . . ∈ B(L) with
bn  an, n = 1,2, . . . , and∨bn = 1. In particular, if a, b ∈ B(L)σ with a ∨ b = 1, there exists a complemented c with c  a, c′  b.
Proof. The Boolean part B(L) is closed under ﬁnite joins and relative complements (even absolute complements). Ap-
plying Lemma 2 to R = B(L), B(L)σ has the countable reduction property. The reducing elements bn belong to B(L) by
Remark 3. 
Deﬁnition 5. In a distributive lattice L with 0,1, for a,b ∈ L we say a is rather below b, and write a ≺ b, if there exists c ∈ L
with a ∧ c = 0 and b ∨ c = 1. A regular σ -frame is a σ -frame in which every element a ∈ L is a countable join of elements
rather below a, that is, a =∨an for some countable set with an ≺ a.
Theorem 6. In a regular σ -frame L the following properties are equivalent:
1. L = B(L)σ , i.e., L is generated as a σ -frame by its complemented elements,
2. L satisﬁes the countable reduction property,
3. L satisﬁes the (ﬁnite) reduction property,
4. for all a,b ∈ L with a ≺ b in L, there exists c ∈ B(L) with a c  b,
5. for all a,b ∈ L with a ∨ b = 1, there exists c ∈ B(L) with c  a and c′  b.
Proof. (1) ⇒ (2) by Lemma 2. (2) ⇒ (3) ⇒ (5) are trivial. For (5) ⇒ (4), take a ≺ b in L, witnessed by d ∧ a = 0 and
d ∨ b = 1. Assuming (5) take c ∈ B(L) with c  b and c′  d. Since a ∧ c′  a ∧ d = 0, it follows that a c  b, as required.
For (4) ⇒ (1), for any a ∈ L we have by regularity a =∨an with an ≺ a. We seek a countable set of complemented elements
whose join is a. Assuming (4), for each n take cn ∈ B(L) with an  cn  a. Then ∨an = a =∨ cn, as required. 
Remark 7. In the classical setting, L is actually a family of sets and the join and meet are given by set union and intersection.
In this context, property (5) of Theorem 6 is equivalent to what is known in descriptive set theory as the Separation Property
for the family of set-complements of elements of L: namely, a family M of sets has the separation property if whenever
a,b ∈ M with a ∩ b = 0, there exists some c ∈ M with c′ ∈ M which separates a and b, i.e., a ⊆ c and b ⊆ c′. One easily
checks that L satisﬁes property (5) if and only if the “dual family” M = L′ ≡ {a′ : a ∈ L} satisﬁes the separation property.
Moreover (5) is clearly a special case of the ﬁnite reduction property (3), which applies to any join a∨ b, not just a∨ b = 1.
We note that the implication (3) ⇒ (5) does not require the assumption of regularity for L. This implication is Kuratowski’s
classical principle of descriptive set theory: the reduction property for a family implies, generally, the separation property
for the dual family. However, the converse implication (5) ⇒ (3), and the full equivalence of Theorem 6, can fail without
the assumption of regularity. For an example, the C A sets in a Polish space, mentioned above, comprise a σ -frame, and they
obey the reduction property (see [10]). However, the complemented elements of C A are just the Borel sets (by Souslin’s
theorem), so C A certainly fails property (1) because there exist non-Borel C A sets. Therefore, C A is not a regular σ -frame.
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a ∧∨bα =∨(a ∧ bα). A regular frame is a frame in which every element a is a join of elements rather below it, i.e.,
a =∨{b: b ≺ a}. For a topological space X, the open sets constitute a frame OX under the set inclusion order. The rather
below relation A ≺ B on the lattice OX becomes cl(A) ⊂ B, and X is a regular topological space in the usual sense if and
only if OX is a regular frame. We say a is completely below b in the frame L, and write a ≺≺ b, if there is a family (called
a scale) {cq: q ∈Q∩ [0,1]} such that c0 = a, c1 = b, and cr ≺ cs whenever r < s. The cozero part of L, denoted Coz(L) is the
set of all a ∈ L which are countable joins of elements completely below a, i.e., a =∨an with all an ≺≺ a. These elements
are called cozero elements, and the terminology is justiﬁed in that each such element really is the cozero element of some
continuous real function on L (see [3, p. 578]). Coz(L) is a regular sub-σ -frame of L (see [3, p. 581]). The frame L is called
completely regular if each element a is a join of elements completely below a, which is easily seen to be equivalent to the
condition that each a is a join of cozero elements. For a topological space X, the cozero part of the frame OX of open sets
of X , is just the usual family of cozero sets coz( f ) for continuous real functions f , and OX is a completely regular frame if
and only if X is a completely regular space in the usual topological sense.
One standard deﬁnition of a zero-dimensional topological space X is that X must have a base of closed-and-open sets.
(This is equivalent to ind X = 0, where ind is the “small inductive dimension”.) In parallel, we say that the frame L is
zero-dimensional if every element of L is a join of complemented elements. Since a complemented element a ∈ L satisﬁes
a ≺ a, a necessarily belongs to Coz(L), so a zero-dimensional frame is necessarily completely regular. By deﬁnition, L is a
Lindelof frame if every cover of 1 has a countable subcover.
Proposition 8. Suppose L is a zero-dimensional Lindelof frame and a,b ∈ L with a ∨ b = 1. Then there is a complemented element
c ∈ B(L) with c  a and c′  b.
Proof. By zero-dimensionality, write a =∨aα and b =∨bβ for families {aα}, {bβ} ⊂ B(L). By the Lindelof hypothesis, there
exist countable subfamilies {aαi }, {bβ j } such that {aαi } ∪ {bβ j } covers L. Set e =
∨
aαi and f =
∨
bβ j , so that e, f ∈ B(L)σ
with e  a, f  b, and e∨ f = 1. By Corollary 4, B(L)σ has the reduction property, so you can reduce e and f by a c ∈ B(L)
so that c  e  a and c′  f  b. 
Remark 9. The topological case of this proposition is well known: in a zero-dimensional Lindelof space, any two disjoint
closed sets are separated by a closed-and-open set. Proofs often repeat the essence of the Kuratowski argument. (See [6,
16.16] and [5, 6.2.7].)
Dimension in completely regular spaces is often based on ﬁnite covers by cozero sets of the space. We adopt for frames
one of the several equivalent characterizations of a strongly zero-dimensional space X , which says that every ﬁnite cover
of X by cozero sets can be reﬁned by a cover which partitions X into a ﬁnite disjoint union of closed-and-open sets. This
is easily seen to be equivalent to requiring that any two disjoint zero sets are separated by a closed-and-open set (see
[5, 6.2.4]). For the corresponding frame deﬁnition, we say the frame L is strongly zero-dimensional if for any two elements
a,b ∈ Coz L with a ∨ b = 1 there exists a complemented element c ∈ B(L) with c  a and c′  b. This is just a statement of
the reduction property for Coz(L), in the form of Theorem 6(5).
Corollary 10. If L is a zero-dimensional Lindelof frame then L is strongly zero-dimensional.
Proof. The condition of Proposition 8 clearly implies the deﬁnition of strong zero-dimensionality. See Remark 11 below. 
Remark 11. Proposition 8 states that a zero-dimensional Lindelof frame (or a zero-dimensional Lindelof space) actually
satisﬁes a stronger condition than strong zero-dimensionality, since the given ﬁnite cover consists of arbitrary elements of
L (or arbitrary open sets), not assumed to be restricted to Coz(L) (or to cozero sets).
Proposition 12. A frame L is strongly zero-dimensional if and only if Coz(L) satisﬁes any of the equivalent conditions of Theorem 6, in
particular if and only if every cozero element is a countable join of complemented elements.
Proof. It was remarked above that Coz(L) is a regular σ -frame, so Theorem 6 applies to Coz(L). Theorem 6(5) is just the
deﬁnition of strong zero-dimensionality of L, and the conclusion of the proposition is Theorem 6(1). 
Remark 13. Notice that strong zero-dimensionality is a property of the cozero part of the frame, rather than of the frame
itself.
Remark 14. The topological case of Proposition 12 says that a completely regular space is strongly zero-dimensional if and
only if each cozero-set is a countable union of closed-and-open sets. This is by now well known, and appears as an exercise
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indirect proof. A proof along the lines of the Kuratowski argument appeared in [15], which is somewhat inaccessible, and a
streamlined version of the same argument appeared in [13]. No one seems to have made the connection with Kuratowski.
The frame version above (Proposition 12) was obtained by the author in 2008 and communicated privately. A pointfree
proof in [4] is modeled on the spatial proof in [13].
The following does not seem to be directly related to Kuratowski reduction, but it does provide an interpolation condition
related to the interpolation condition (4) of Theorem 6. This theorem is essentially known.
Proposition 15. For a completely regular frame L, these are equivalent:
(1) L is strongly zero-dimensional,
(2) for a,b ∈ L, if a ≺≺ b in the frame L, then for some complemented element c ∈ B(L), a c  b,
(3) the Stone–Cech compactiﬁcation βL is zero-dimensional,
(4) the Stone–Cech compactiﬁcation βL is strongly zero-dimensional.
Proof. Parts (3) and (4) of this theorem deal with the Stone–Cech compactiﬁcation βL, which we do not deﬁne in this
note. We simply refer the reader to [2], which deﬁnes βL and proves the equivalence (2) ⇔ (3) on p. 182. We prove the
rest of the theorem. (3) ⇒ (4) because a compact frame is Lindelof and every zero-dimensional Lindelof frame is strongly
zero-dimensional by Corollary 10. (4) ⇒ (3) because every strongly zero-dimensional completely regular frame is zero-
dimensional, as is easily seen.
(1) ⇒ (2). Assume (1), and suppose a ≺≺ b in the frame L. By [3, Corollary 3], there exist cozero elements a1, b1 ∈
Coz L such that a  a1 ≺ b1  b, where a1 ≺ b1 in Coz L (i.e., a separating element exists in Coz L). The existence of the
complemented element c between a and b then follows from (4) of Theorem 6.
(2) ⇒ (1). It suﬃces to show that every a ∈ Coz(L) is a countable join of complemented elements. But by deﬁnition a =∨
bn where bn ≺≺ a. Assuming (2), there are complemented cn with bn  cn  a, so that ∨bn = a =∨ cn, as required. 
The paper [4] of T. Dube discusses strongly zero-dimensional frames in terms of the ring RL.
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